Triggered single-photon sources produce the vacuum state with non-negligible probability, but produce a much smaller multiphoton component. We describe a method for increasing the probability of a single photon via a chain of beam splitters. This method has the drawbacks that it introduces a significant multiphoton component, and it can not be used to increase the probability for a single photon above 1/2. Part of the reason for these drawbacks is the incoherence in the photon sources. If the photon sources produced pure states rather than incoherent superpositions, it would be possible to obtain a perfect single photon output. The method for incoherent inputs is robust against detector inefficiencies, but sensitive to dark counts and the multiphoton component in the input.
INTRODUCTION
One of the most promising methods for quantum information processing is linear optics and photodetection. Linear optics and photodetection may be used for provably secure quantum communication, 1 as well as quantum computation. 2 An important requirement for these schemes is the ability to produce a single photon on demand, 2 , 3 yet generating high-fidelity single-photon states is challenging. The traditional method for generating single photons involves photodetection on one output mode from a non-degenerate parametric down-conversion process to post-select a single photon in the correlated mode. 4, 5 This method has the drawback that the time of the photon emission is not controlled. More recently, triggered photon sources have been developed. 6 These sources have a significant vacuum contribution, but the multiphoton contribution may be made very small. 7 As a first approximation, we take the multiphoton probability to be zero. That is, we consider an idealised single-mode single-photon source, which may be represented by the density operator
Here p is the probability for a single photon, and is also called the efficiency. Increasing the efficiency is important because many quantum optics experiments require high efficiency sources. Much effort is directed towards improving sources, but an alternative approach is to perform post-processing to obtain higher efficiency. We have recently shown that it is possible to use post-processing via linear optics and photodetection to obtain higher efficiency 8, 9 ; here we review these results.
To illustrate the methods we first discuss the case of a single beam splitter in Sect. 2, then we proceed to the case of a multimode interferometer in Sect. 3. In Sect. 4 we discuss the limit on the improvement in the efficiency. In Sect. 5 we present the method to obtain an improvement, and in Sect. 6 discuss the impact of various experimental problems. We present the no-go theorems for post-processing in Sect. 7. In Sect. 8 we show that, for pure-state inputs, it is possible to obtain a perfect single-photon state. We discuss some unsolved problems in Sect. 9, and the impact of multiphoton inputs in Sect. 10.
BEAM SPLITTER
To illustrate the methods, we first consider the simplest case where two copies of the quantum state (1) are combined on a single beam splitter. The initial state may be written in the form
Each photonic mode operator gets transformed by the beam splitter in the following way:
where Λ is a 2 × 2 unitary matrix. 10 Following the beam splitter, the photon number is measured in mode 2. To determine the output state, we first make the substitution (3), then project onto the number state detected. After vacuum projection in mode 2, the state is of the form ρ (2) out ∝ |0 0| +
The ratio between the probabilities for one and zero photons is a weighted average of p 1 /(1 − p 1 ) and p 2 /(1 − p 2 ), and cannot exceed either of these. That is, it is not possible to improve the ratio between the probabilities for obtaining one and zero photons. Hence it is not possible to improve the absolute probability of obtaining one photon.
In the case of a single-photon detection, the resulting unnormalised state iŝ
where perΛ is the permanent 11 of the beam splitter matrix Λ. Since the absolute value of the permanent of a unitary matrix is bounded from above by unity, and the term in brackets is a weighted sum of terms (1 − p i )/p i , we do not find any improvement for this case either.
The case where two photons is detected is trivial, because the output is in the vacuum state. Hence there is no improvement in the probability for a single photon if zero, one or two photons are detected. These results demonstrate that for mixed-state inputs it is impossible to obtain an improvement in the single-photon probability using a beam splitter.
MULTIMODE INCOHERENT INPUTS
In the multimode case we start with a supply of N mixed states of the form (1) . The different inputs may have different probabilities for a single photon, p i , and the maximum of these probabilities is p max . The initial input state is described byρ
where
, gives the photon numbers in the inputs. The quantity P s is the probability of obtaining this combination of input photon numbers. Figure 1 . Schematic setup of the network. We assume N incoming modes prepared in the state (6) with different pi. The photon number is measured in output modes 2 to N , and we wish to improve the probability for a single photon in mode 1.
In order to determine the final state, we apply the interferometer transformation 10â † → Λ Tâ † , then condition upon the numbers of photons detected in modes 2 to N . The final state iŝ
K is a normalisation constant, S s,n = per(Λ[n, s]), Σ n = i n i and Σ s = i s i . For j > 1, n j is the number of photons detected in mode j, and n 1 is the photon number in mode 1 (the output mode). The notation Λ[n, s] is used to indicate that the i'th column of Λ is repeated s i times, and the j'th row is repeated n j times.
It is not feasible to directly analyse the probability for a single photon; instead we consider the two figures of merit
where q i is the probability for photon number i. The subscript "out" indicates the output field, and "in" indicates the input field. For the output field we simply have q i = c i . For the input field, G in = 0, as the two-photon component is assumed be negligible, and we define R in to be the maximum input ratio p max /(1 − p max ).
The figure of merit G characterises the two-photon contribution, and is equal to 1/2 for Poisson photon statistics. If the multiphoton component in the output is zero, then comparing R in and R out immediately tells us if there is an improvement in the probability for a single photon. Even if the multiphoton component is nonzero, using R out has the advantages: 1. The common constant K cancels, so it is possible to evaluate R out analytically. 
LIMIT ON IMPROVEMENT
Ideally we wish to obtain an improvement in the figure of merit R, while maintaining a value of G that is zero, or at least small with respect to 1/2 (the value for a Poisson distribution). Even without the restriction upon the value of G, it is possible to show that there is a limit on how far R can be improved.
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This result may be shown by expressing the summation for c 0 as 
Similarly it may be shown that c 1 satisfies
Combining Eqs. (11) and (12) gives
yielding the upper limit on the ratio between the probabilities for one and zero photons. This result allows one to draw three main conclusions: 1. As M ≤ N and D ≥ 0, the improvement in R can never be greater than N . There is no known scheme that saturates this upper bound, but there is a scheme known that achieves an improvement of approximately 8 N/4. 2. If the number of photons detected is one less than the maximum input number, then M − D = 1, and there can not be an improvement * . This case is important because it is the most straightforward way of eliminating the possibility of two or more photons in the output mode. We have not proven that it is impossible to obtain an improvement while eliminating the multiphoton component, but if such a scheme is possible it can not eliminate the multiphoton component by detecting one less than the maximum input number of photons. 3. It is impossible to obtain a single photon with unit probability if p max < 1. If c 1 = 1 were obtained, then R out would be infinite; from Eq. (13), this is clearly not possible unless R in is infinite (which would correspond to p max = 1).
METHOD FOR IMPROVEMENT
We have shown that it is possible to obtain an improvement in the probability for a single photon, 8 and that this improvement may be achieved using a line of beam splitters. 9 The method produces an improvement in R that is linear in the number of modes, but not as large as N . This method requires an interferometer with matrix elements
for i > 1 (the values of Λ ij for i > 2 do not enter into the analysis). Here is sufficiently small that terms of order or higher may be ignored. In addition, p i = p max , and we condition upon the measurement record where
Figure 2. A realisation of the interferometer specified in Eq. (14) using beam splitters. The reflectivities of the beam splitters are specified in the labels on the beam splitters. This example is for N = 6.
zero photons are detected in modes 3 to N (so the number of photons detected in mode 2 is D). This scheme may be performed using the chain of beam splitters shown in Fig. 2 .
To estimate c n1 for 1, only terms with Λ 21 are included in the sum. There are
As there are
Those factors that do not depend on n 1 have been combined into a new constant K . Using Eq. (16) gives
The maximum improvement in R is obtained for
It is expected that this improvement is close to the maximum possible, because this scheme satisfies some conditions that would be necessary to obtain equality in Eqs. (11) and (12), and the conditions that it does not satisfy can not be satisfied perfectly for any scheme that increases R. Extensive numerical searches have failed to find any scheme that gives a better improvement in R than the above scheme, strongly indicating that it is optimal for increasing R.
Although there is an improvement in the measure R, the two-photon contribution is not negligible. The output value of G is
For D = N/2 , this measure is close to 1/2, so the two-photon component is similar to that for a Poisson distribution. By taking D = N − 2, it is possible to obtain an improvement in R of about a factor of two, with a value of G out about half that for a Poisson distribution. However, this two-photon contribution is still much greater than for good single-photon sources. probability of detection results conditional probability for a single photon Figure 3 . The final probability for a single photon versus the probability for obtaining the appropriate detection results for a four mode interferometer and pmax = 0.2. The solid line is the ideal case, the crosses are for the case where detection results of D = 3 and D = 4 are also allowed, and the dashed line is that if, in addition, the photodetectors have 90% efficiency. The dotted line is that including all of these experimental limitations, plus 0.1% chance of dark counts at detector 2, and the dash-dotted line is that taking into account these experimental limitations, as well as allowing 0.1% probability for two photons in the inputs (without dark counts).
The multiphoton contributions are especially important for larger p max . Although the improvement in R is independent of p max , the multiphoton component means that improvements in c 1 are obtained only for values of p max below 1/2. That is, this method can only be used to obtain improvements in the probability of a single photon up to 1/2, but not to make the probability of a single photon arbitrarily close to 1.
EXPERIMENTAL LIMITATIONS
In practice, there will be a number of limitations to using this method for improving the probability of a single photon. The main ones are: 1. Real photodetectors do not give perfect photon counting measurements. Most photodetectors can only distinguish between the vacuum state and a state with one or more photons. 2. Real photodetectors have limited efficiency and dark counts. 3. The desired combination of detection results will occur with low probability. 4. Real sources have a finite multiphoton component.
For N − 2 of the detectors point 1 is not a problem, because we are conditioning on detection of zero photons. It is only the detector on mode 2 that is required to perform a photon counting measurement. Even for this detector, it is not necessary to determine the exact photon number, because the probability of a single photon will be increased for any number of photons detected from 2 to N − 2. In fact, an improvement may even be achieved using detection that simply verifies that there is more than one photon.
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This case is important, because the Visible Light Photon Counter 12 can perform this task with high efficiency.
In order to estimate the relative importance of each of the above problems, we have calculated the final conditional probability for a single photon successively taking each of the above issues into account. In Fig. 3 , we have plotted the conditional probability for a single photon versus the probability for obtaining the desired combination of detection results. These curves are parametrised by ; that is, both probabilities were calculated for a range of values of . The particular example we have shown is of a 4 mode interferometer where p max = 0.2 for the inputs.
It was assumed that the inefficient detectors register single-photon, two-photon and three-photon states as vacuum with probabilities of 10%, 1% and 0.1%, respectively. For the detector on mode 2 it was assumed that the single-photon state and vacuum state were registered as two or more photons with probabilities of 0.1% and 0.0001%, respectively. The possibility of dark counts on the other detectors was ignored (as we are conditioning upon detection of the vacuum at these detectors). The appropriate equations to use for the case with multiphoton inputs are given in Sect. 10.
It can be seen from Fig. 3 that detectors with limited efficiency or that cannot distinguish between photon numbers above one do not significantly affect the output state. Also, the probabilities required for an improvement in the efficiency are not unreasonably low. However, if a dark count rate of 0.1% is allowed, then the maximum single-photon probability is reduced significantly. For small values of the single-photon probability drops dramatically, rather than approaching the maximum value. The results are similar if a two-photon probability of 0.1% is allowed in the inputs. Thus the main problems with experimental realisations are likely to be two-photon components in the input and dark counts at detector 2.
NO-GO THEOREMS
There are a number of no-go theorems for post-processing via linear optics and photodetection. 8, 9 These no-go theorems show that there can be no improvement if
The first no-go theorem has already been discussed in Sect. 4. To show that there can be no improvement for D = 0, note that c 0 = KP 0 . The expression for c 1 yields the inequality
Therefore R out ≤ R in , so c 1 ≤ p max . Hence there can be no improvement in the photon statistics if zero photons are detected.
We may use a similar method to show the result for D = 1 and for all p i equal to p max . If the single photon is detected in mode m, then
The value of c 1 is given by
In the last line we have used the fact that Λ 1k and Λ mk are orthonormal. Thus we again find R out ≤ R in , so
It may be shown that no improvement is possible for N < 4 using the previous three no-go theorems. 
PURE-STATE INPUTS
Part of the reason for the above no-go theorems is the incoherence in the inputs; if the inputs were in pure-state superpositions, these theorems would not hold. In particular, it would be possible to obtain a perfect singlephoton output from three input modes. This result may be achieved by using two successive beam splitters, and conditioning on detection of zero photons in one mode and two photons in another (see Fig. 4 ).
The initial input state may be written as
Applying the beam splitter transformations Λ (1) and Λ (2) , and conditioning on detection of zero photons in mode 3 and two photons in mode 2, gives the final state
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Here the normalisation gives the probability for obtaining the correct detection results.
We now express the beam splitter transformation matrices as
The condition that the output is a pure single-photon state becomes
This equation may be satisfied by taking θ 2 and φ 2 to be
The probability for obtaining the desired pattern of detection results is then given by
For most values of θ 1 and φ 1 this expression is nonzero, and it is therefore possible to choose the second beam splitter such that a perfect single-photon state is obtained and the probability for obtaining the correct detection results is not negligible. The best values to choose for θ 1 and φ 1 are those that maximise P . It can be shown that the maximum value P max = 16|β| 6 /81 is obtained for θ 1 = π/4 and φ 1 = π (so θ 2 = acos(1/3) and φ 2 = 0).
UNSOLVED PROBLEMS
We have shown that it is possible to obtain an improvement in the probability for a single photon, and in addition that there are a number of no-go thorems for postprocessing. However, there are two possible no-go theorems that are indicated by numerical analysis but remain unproven: 1. There exists a value of p max ( = 0 or 1) such that it is impossible to increase the probability for a single photon. 2. The single-photon probability can not be increased without adding a multiphoton component.
Although these statements are unproven, it has been shown that there is a deep connection between them.
9 To see this connection, first note that it is sufficient to use p i = p max in the input modes. For a given interferometer the maximum improvement will always be obtained with all of the nonzero p i equal to p max . It is possible to obtain a vacuum state from inputs with efficiency p max , simply by using a beam splitter and conditioning on detection of two photons at one of the outputs. Therefore, if there is an interferometer that achieves a certain result using inputs with p i = 0 or p max , there will always be another (expanded) interferometer that achieves the same result with p i = p max .
Using this simplification, the expression for c n1 simplifies to
The values of d n1 are independent of p max , and depend only on the interferometer and combination of detection results. There is an improvement in the probability of a single photon if
and p max = 0 or 1 (this assumption is implicit in the discussion below).
If it is possible to increase the single photon probability without adding a multiphoton component, then d n1 = 0 for n 1 ≥ 2, and d 1 > d 0 . As d n1 is independent of p max , this improvement would be achievable for any value of p max . Therefore, if there exists a value of p max such that it is impossible to obtain an improvement, then it is also impossible to obtain an improvement without introducing a multiphoton component.
If it were possible to obtain an increase in the probability for a single photon without introducing a multiphoton component, it would be very significant, because this method could be used to increase the efficiency to be arbitrarily close to 1. This is because, if the output does not have a multiphoton contribution, it can be used as the input to another interferometer to obtain a further improvement. The efficiency could then be increased arbitrarily close to 1 by cascading the interferometers. However, it must be emphasised that the numerical results indicate that such a scheme is impossible.
MULTIPHOTON INPUTS
It is also possible to derive results for inputs with nonzero probabilities for two or more photons, but this case is more difficult. For the case of a single beam splitter, the result is considerably more complicated; the final state is given by
where p im is the probability for m photons in input mode i, D is the number of photons detected, and K is a normalisation constant (1/K is the probability for this detection result). This is the expression used to calculate the numerical results in Sect. 6.
The transformation for a multimode interferometer can also be determined, and is very similar to that for the case without multiphoton inputs. The final state obtained is
where S s,n = per(Λ[n, s]), P s = i (p i,si ) si and K is a normalisation constant.
Although it is relatively straightforward to determine the transformation with multiphoton inputs, almost none of the no-go theorems hold. (The one exception is that, for D = 0, it is not possible to increase the ratio between the probabilities for one and zero photons.
9 ) In fact, for some imperfect inputs, it is possible to obtain a perfect single-photon output state. In particular, consider a state ρ 0 = i q i |i i|, such that q D = 0, q D+1 > 0, and q i = 0 for i > D + 1. If this state is combined with the vacuum at a beam splitter, and D photons are detected, then the output state will be a pure single-photon state. This result also demonstrates that there is no initial value for the single-photon probability that can not be improved upon.
The drawback to these results is that states such as ρ 0 would be very difficult to produce in the laboratory. It is likely that there is some measure of the quality of the state that can not be improved upon using linear optics and photodetection. However, it is difficult to determine what measure this would be. For example, it is clear that the entropy can be reduced, because ρ 0 can have large entropy. Finding a measure that is non-increasing under linear optics and photodetection is a promising direction for future research.
CONCLUSIONS
Triggered single-photon sources produce an incoherent mixture of zero and one photon, with much smaller probabilities for two or more photons. Provided the multiphoton contributions in the inputs may be ignored, it is possible to significantly increase the probability for a single photon by using post-processing via linear optics and photodetection. This method has the drawback that it produces a significant multiphoton component that is comparable to that for the Poisson distribution.
There are several no-go theorems that put limitations on what post-processing can be performed. In particular, there is an upper limit on the increase in the probability for a single photon. This upper limit can not be achieved, but the method for increasing the probability for a single photon gives the same scaling with the number of modes. If zero photons, or one less than the maximum input photon number are detected, it is impossible to obtain an improvement in the probability for a single photon. In the restricted case that all the inputs are identical, it is impossible to obtain an improvement in the probability for a single photon if one photon is detected. These no-go theorems are sufficient to prove that at least a four-mode interferometer is required to obtain an improvement.
Another important no-go theorem is that it is impossible to obtain a perfect single-photon output with imperfect inputs. It must be emphasised that this no-go theorem is only for mixed states with no multiphoton components. If we relax these constraints, by considering pure superposition states of zero and one photon, then it is possible to obtain a pure single-photon output. Alternatively, some multiphoton states can be processed to yield a perfect single-photon output. However, it must be emphasised that it is not likely that pure input states, or the appropriate multiphoton states, can be produced experimentally.
There are also a number of important unsolved problems. It is currently unknown whether there is an upper limit (less than 1) to the initial probability for a single photon such that it is possible to obtain an improvement. It is also unknown if it is possible to obtain an improvement in the probability for a single photon while maintaining zero multiphoton contribution. If such a scheme were possible it would be very significant, because it would be possible to obtain a state arbitrarily close to a single photon state from arbitrarily poor input states.
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